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1. Introduction
Let F be a ﬁeld and FG the group algebra of a group G over F . Here we are interested in the
behavior of the group G under constraints on the structure of suitable Lie subalgebras of FG . More
precisely, one can consider FG as a Lie algebra under the usual bracket or in case of an involution on
FG , one can study the Lie algebra FG− of skew elements. The general question is: can one classify
the groups G if the Lie algebra FG or the Lie algebra FG− is nilpotent?
In the 70s Passi, Passman and Sehgal in [9] answered in the aﬃrmative the ﬁrst question by
classifying the groups G such that the Lie algebra FG is nilpotent. They proved that FG is Lie nilpotent
if and only if either char F = 0 and G is abelian or char F = p > 0 and G is a nilpotent group whose
derived group is a ﬁnite p-group.
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volution, called the classical involution, induced by mapping any group element to its inverse. For the
classical involution and char F = 2, the above question has also a positive answer. In [5] the authors
proved that if FG− is nilpotent, the classiﬁcation mentioned above still holds provided G has no
2-elements (elements of order 2). For groups with 2-elements, a classiﬁcation was later given in [6].
Notice that g → g−1, for all g ∈ G , is actually an involution of the group G . Hence one can consider
involutions of the group algebra obtained as a linear extension of a group involution of G . In this case
a classiﬁcation was obtained in [4] for torsion groups without 2-elements. Here we shall prove that
the same classiﬁcation can be achieved in the more general context of arbitrary groups without 2-
elements and with no dihedral groups involved.
To make the statement of the theorem clear let us recall that if ∗ is an involution on the group
algebra FG , then the set of skew elements FG− = {a ∈ FG | a = −a∗} has a Lie algebra structure
under the usual bracket. Also, we say that no dihedral group is involved in G if no subgroup of G has
a nonabelian dihedral group as a homomorphic image. We are now ready to state the main result of
this paper.
Theorem 1.1. Let F be a ﬁeld, char F = 2, and let G be a group with no 2-elements. Let ∗ be an involution on
FG induced by an involution of G and suppose that no dihedral group is involved in G. Then the Lie algebra
FG− is nilpotent if and only if either F G is Lie nilpotent or char F = p > 2 and the following conditions hold.
(i) The set P of p-elements in G is a subgroup,
(ii) ∗ is trivial on G/P ,
(iii) there exist normal ∗-invariant subgroups A and B, 1 B  A such that B is a ﬁnite central p-subgroup
of G, A/B is central in G/B and both G/A and {a ∈ A | aa∗ ∈ B} are ﬁnite.
2. Preliminaries
Throughout F will be a ﬁeld of characteristic different from 2 and ∗ will be an involution of FG
obtained as a linear extension of an involution of G .
Recall that if p is a prime, an element x ∈ G is a p-element if its order is a power of p and we
write P = {x ∈ G | x is a p-element}. Also, a group G is p-abelian if G ′ , the commutator group of G , is
a ﬁnite p-group. We make the convention that a 0-abelian group is abelian.
If S is a subset of a group G we denote by 〈S〉 the subgroup generated by S . The following result,
proved by Broche, Jespers, Polcino Milies and Ruiz, is the starting point of our investigation.
Theorem 2.1. (See [2].) Let char F = 2 and ∗ be an involution of G linearly extended to FG. Then FG− is
abelian if and only if either G is abelian or one of the following conditions holds.
(1) K = 〈g ∈ G | g /∈ G+〉 is abelian.
(2) G contains an abelian subgroup of index 2 that is contained in G+ .
(3) char F = 3, |G ′| = 3,G/G ′ = (G/G ′)+ and g3 ∈ G+ , for all g ∈ G.
Suppose that G has no 2-elements and a dihedral group is not involved in G . If FG is semiprime,
by [4, Lemma 2.2] FG− Lie nilpotent implies FG− abelian. Hence we can apply the previous theorem
and we get three distinct cases. In case (1) and case (2), G has an abelian subgroup of index 2 (see [8,
Lemma 2.3]) and this implies that a dihedral group is involved in G . Thus these cases do not arise.
Also case (3) is not possible if FG is semiprime. The outcome is the following corollary.
Corollary 2.2. Assume that F G is semiprime, G has no 2-elements and a dihedral group is not involved in G.
Then FG− is Lie nilpotent if and only if G is abelian.
Since if char F = 0, FG is semiprime, the above corollary settles Theorem 1.1 in characteristic zero.
Hence throughout we shall assume that char F = p > 2.
Next we recall three results that will be used throughout.
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subgroup.
Lemma 2.4. (See [3, Proposition 3.2].) Let G be any group and suppose that F G− is Lie nilpotent. Then P is a
subgroup.
Proof. Since FG− is Lie nilpotent, the algebra FG satisﬁes a ∗-polynomial identity, hence it also
satisﬁes a polynomial identity by a theorem of Amitsur [1]. It then follows from a theorem of Passman
[10, p. 197] that G has a normal p-abelian subgroup A of ﬁnite index. We can assume that A is ∗-
invariant by replacing it with A ∩ A∗ .
Let x, y ∈ P . We need to show that xy ∈ P . To this end, we may clearly assume that G =
〈x, y, x∗, y∗〉. Since G is ﬁnitely generated and A is of ﬁnite index in G , we have that A is also
ﬁnitely generated. Since A′ is ∗-invariant, we may factor by A′ and assume that A is abelian. There-
fore A = H × T , where H is a ﬁnitely generated free abelian group and T is ﬁnite. Let |T | = pms, with
(p, s) = 1.
Set A1 = Apms = Hpms and consider G/A1. Then G/A1 is of ﬁnite order, say pt with (p, t) = 1.
Now (xy)p

is an element of order dividing t and by Lemma 2.3 it is a p-element, so (xy)p
 =
1 (mod A1).
A similar argument shows that, for any positive integer r such that (r, p) = 1, replacing A1 with
Ar1 we get that (xy)
p = 1 (mod Ar1). Hence (xy)p
 ∈⋂r Ar1 = 1. Consequently, we have (xy)p
 = 1, as
claimed. 
Combining Corollary 2.2 and Lemma 2.4 we get the following.
Lemma 2.5. Assume that G has no 2-elements and a dihedral group is not involved in G. If F G− is Lie nilpotent
then G/P is abelian (and, so, G ′ is a p-group).
Next our aim is to show that under the hypotheses of the previous lemma, G ′ is ﬁnite. First we
recall the following facts.
Lemma 2.6. (See [4, Lemma 2.7].) Assume A is an abelian group with no elements of order 2 and let ∗ : A → A
be an automorphism of order 2. Then
A2 ⊆ A1 × A2,
where A1 = {a ∈ A | a∗ = a} and A2 = {a ∈ A | a∗ = a−1}. Moreover, if A is torsion, then A = A1 × A2 .
Lemma 2.7. Let x =∑ xhh be a non-zero element of F G such that x(g − 1) = 0, for some g ∈ G. Then ◦(g) is
ﬁnite and x = y gˆ, for some y ∈ FG. In particular, the support of x has a multiple of ◦(g) elements.
Proof. Since x(g − 1) = 0, we have x = xg . Therefore, for each xh we have xh = xhg−1 (and so xh =
xhg−i , for all i). It follows that ◦(g) is ﬁnite and x = y gˆ , as claimed. 
Putting together [4, Lemma 2.6] and a result of Passi, Passman and Sehgal [9], we have
Lemma 2.8. Let Z be the center of G and suppose that the set Z˜ = {z−1z∗ | z ∈ Z} is inﬁnite. Then, if F G− is
Lie nilpotent, also F G is Lie nilpotent and, so, G is nilpotent and G ′ is a ﬁnite p-group.
Lemma 2.9 (Key Lemma). Suppose that G has no 2-elements and a dihedral group is not involved in G. If G
has a ∗-invariant normal abelian subgroup A of prime index q and FG− is Lie nilpotent, then G ′ is ﬁnite.
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an odd prime. We remark that in order to prove that G ′ is ﬁnite, we may factor by any ﬁnite normal
∗-invariant subgroup, and we shall do so repeatedly in what follows.
Take an element y ∈ G \ A. If yy∗ ∈ A, then y∗ = y−1 (mod A). Otherwise, since x = yy∗ is sym-
metric, we found an element x ∈ G \ A such that x∗ = x. Thus changing notation, we have an element
x ∈ G \ A such that either x∗ = x or x∗ = x−1c, for some c ∈ A.
By Lemma 2.6 we have A2 ⊆ A1 × A2. We claim that
Ap
m
2 is central for a ﬁxedm. (1)
At ﬁrst assume that x∗ = x. Then for a,b ∈ A2, xa − a−1x and b − b−1 belong to FG− . Thus, for a
suitable m we have
0 = [xa − a−1x,bpm − b−pm]= [x(a − (a−1)x),bpm − b−pm]
= [x,bpm − b−pm](a − (a−1)x)= [x,bpm − b−pm](1− (a−1)xa−1)a.
Thus 0 = [x,bpm − b−pm ](1− (a−1)xa−1), for all a,b ∈ A2.
If (a−1)xa−1 = 1, for all a ∈ A2, then (a−1)x = a and (x2,a) = 1. Since xq ∈ A commutes with a and
(2,q) = 1, we deduce (x,a) = 1 and, so, A2 ⊆ Z . If (a−1)xa−1 = 1, for some a ∈ A2 then for all b ∈ A2,
by Lemma 2.7 we have either [x,bpm − b−pm ] = 0 and thus (x,bpm ) = 1, or char F = 3, ◦(g) = 3,
|supp([x,bpm − b−pm ])| = 3 and inspection gives the same conclusion, as claimed in (1).
Now suppose that x∗ = x−1c, for some c ∈ A. Then, for a suitable m and for all b ∈ A2,
[
x− x−1c,bpm − b−pm]= 0,
which implies [x,bpm − b−pm ] = 0, as x and x−1c belong to different cosets mod A. We conclude that
(x,bp
m
) = 1, as claimed.
Assume that Ap
m
2 is inﬁnite. Then the set {z−1z∗ | z ∈ Ap
m
2 } ⊆ Z is also inﬁnite as z−1z∗ = z2 and
G contains no 2-elements. Thus, by Lemma 2.8 we get that G ′ is a ﬁnite group and we are done.
Therefore we may assume that Ap
m
2 is ﬁnite and by factoring with A
pm
2 we conclude that A
pm
2 = 1.
Next we want to reduce to the case A2 = 1. We claim that
D = (x, A2) is ﬁnite. (2)
Suppose the contrary. Notice that, for all a ∈ A2, we have (x,a)pm = (x−1ax)pmapm = 1. Hence Dpm = 1
and, by [11, Theorem 4.3.5], D =∏i Bi , an inﬁnite direct product of cyclic groups. We are going to
ﬁnd ai ∈ A2, for all  i  s, so that
e = [x,a1 − a−11 , . . . ,as − a−1s
] = 0, (3)
for any s. For s = 1, choose a1 ∈ A2 such that 1 = (x,a1) ∈ B1. Then [x,a1 − a−11 ] = 0 as we have no
2-elements.
Having picked a1, . . . ,as−1 ∈ A2, the normal ∗-closure N of 〈a1, . . . ,as−1〉 is ﬁnite. So there exists
a Bs with Bs ∩ N = 1. Choose as ∈ A2 so that (x,as) /∈ N , 1 = (x,as) ∈ Bs . Clearly as /∈ N.
Let us write [x,a1 − a−11 , . . . ,as−1 − a−1s−1] = xα, α ∈ F N . Then
e = [x,a1 − a−11 , . . . ,as − a−1s
]= [xα,as − a−1s
]
= [x,as − a−1s
]
α = x(as − a−1s − axs + a−xs
)
α.
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asN = axs N because (x,as) /∈ N .
If x∗ = x−1c then [x − x−1c,a1 − a−11 , . . . ,as − a−1s ] = 0 as x = x−1c (mod N). If x∗ = x then for
b ∈ A2
e′ = [xb − b−1x,a1 − a−11 , . . . ,as − a−1s
]= e(b − b−x)= e(1− b−xb−1)b.
If g = b−xb−1 has an inﬁnitude of values for various b, then e = 0, which is a contradiction. Thus g
has only a ﬁnite number of values. The normal and ∗-closure of 〈g = b−xb−1 | b ∈ A2〉 is ﬁnite and
we factor by this normal closure. Then we have, for all b ∈ A2, b−xb−1 = 1. Hence (x2,b) = 1 which
implies (x,b) = 1 as xq ∈ A. We have proved that D = (x, A2) is ﬁnite.
Again, by factoring we may assume that A2 is central and again by Lemma 2.8, A2 is ﬁnite.
By factoring with A2 we may assume A2 = 1. Thus A2 ⊆ A1.
We claim that A = A1. In fact (a2)∗ = a2 implies (a∗a−1)2 = 1, consequently a∗ = a. Thus A = A1.
Now, if x∗ = x, then (x−1ax)∗ = x−1ax = xax−1 which implies that (x2,a) = 1 and, so, (x,a) = 1.
Thus (x, A) = 1, and we are done in this case.
Therefore we may assume that x∗ = x−1c, for some c ∈ A. Let us pick a non-zero element α in the
center of the Lie algebra FG− and write α =∑α1xi , with αi ∈ F A. Since A ⊆ FG+ , we must have
α0 = 0. Also, since ◦(x) (mod A) is a prime, we may assume α2 = 0. Since α is central in FG− , for all
a ∈ A, we have
α
(
ax− x−1ca)= (ax− x−1ca)α.
Comparing the x terms we get α2xca = x−1caα2x2, i.e., α2(ca)x−1 = (ca)xαx2. Therefore
αx2 = (ca)−xα2(ca)x
−1
,
for all a ∈ A. Since α2 and x are ﬁxed, writing the above equality for a2 and comparing, we get
x−1c−1a−1xα2xcax−1 = x−1c−1a−2xα2xca2x−1.
This implies xα2x = a−1xα2xa and, so, α2x = a−xα2xa. It follows that αx2 = a−x
2
αx2a = αx2(x2,a).
We conclude that αx2(1 − (x2,a)) = 0, for all a ∈ A. Hence since αx2 = 0, the annihilator of the
augmentation ideal of the group (x, A) is non-zero. Hence G ′ = (x, A) is ﬁnite, proving the lemma. 
Lemma 2.10. Let H = P  X be a ﬁnite group which is a semidirect product of a p-group P where p = 2
and X is an abelian group of even order. Then either a dihedral group is involved in H or X has an element of
order 2 which is central in H.
Proof. Suppose that a dihedral group is not involved in H . Let x ∈ X be an element of order 2.
Denote by A the center of P . Then we can write A2 ⊆ A1 × A2 where A1 = {a ∈ A | ax = a} and
A2 = {a ∈ A | ax = a−1}. As A is a ﬁnite p-group, we have that A = A2. If there exists a2 ∈ A2 with
a2 = 1, then 〈x,a2〉 is a dihedral group, contrary to the assumption. Thus A = A1 and ax = a, for all
a ∈ A.
In order to complete the proof, next we prove that x is central in H . The proof is by induction on
|P |. If |P | = p, then A = P and we are done. Otherwise consider P/A. By the inductive hypothesis,
x centralizes P/A, i.e., for all b ∈ P we have bx = bz, for some z ∈ A. Therefore, b = bx2 = bxz = bz2.
This implies z2 = 1 and thus z = 1, bx = b. Consequently (x, P ) = 1, (x, X) = 1 and x is central. 
Lemma 2.11. Suppose that G is a ﬁnite extension of its center Z . Suppose that G has no 2-elements and that
H = G/Z is as in Lemma 2.10. Then a dihedral is involved in G.
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in H . By the previous lemma, X has an element x of order 2 which is central in H . This means x2 ∈ Z
and for any element g ∈ G we have that gx = gz, for some z ∈ Z . Therefore g = gx2 = gz2, which
implies z = 1 and gx = g . Thus x ∈ Z , which is a contradiction. 
Corollary 2.12. Suppose that [G : Z ] < ∞, F (G/Z)− is Lie nilpotent, G has no 2-elements and no dihedral is
involved in G. Then [G : Z ] is odd.
Proof. Since G/Z is ﬁnite and F (G/Z)− is Lie nilpotent, the set P of p-elements in G/Z is a normal
subgroup. As (|P |, [G/Z : P ]) = 1, by a theorem of Schur–Zassenhaus, it follows that G/Z = P  X , for
some X . Also, X is abelian, by Lemma 2.5. Since no dihedral is involved, X must be of odd order. 
3. Proof of necessity
In this section we shall prove the necessity part of the main theorem. Hence throughout this
section we assume that F is a ﬁeld of characteristic p > 2 and FG− is nilpotent. We also assume that
G has no 2-elements and a dihedral group is not involved in G . We already know by Lemma 2.5 that
G/P is abelian.
We begin with
Proposition 3.1. G ′ is a ﬁnite p-group.
Proof. Since FG− is nilpotent, by a result of Amitsur [1] FG satisﬁes a non-trivial polynomial identity.
Hence by [10], G has a p-abelian subgroup A of ﬁnite index. Moreover we may assume that A is
normal and ∗-invariant and, by factoring with A′ we assume that A is abelian.
The proof is by induction on [G : A]. The result is true if [G : A] is a prime by Lemma 2.9. Pick an
element y ∈ G \ A. Then either yy∗ /∈ A or y∗ = y−1 (mod A). In any case, by change of notation and
taking a suitable power, we ﬁnd an element x ∈ G \ A of prime order so that the subgroup 〈x, A〉 is
∗-invariant.
Thus by Lemma 2.9, (x, A) is ﬁnite. By factoring with its normal ∗-closure we can assume that
there exists a proper normal ∗-invariant subgroup B such that [G : B] < [G : A]. Then by induction G ′
is ﬁnite. 
Proof of necessity. We have already proved (i). We are going to prove (ii) and (iii). Because G ′ is a
ﬁnite p-group, it follows by a theorem of P. Hall [7] that Z (2) , the second center of G , is of ﬁnite
index in G . Suppose that FG is not nilpotent. Then G is not nilpotent.
Furthermore, B = (Z (2),G) ⊆ Z ∩ G ′ is a ﬁnite central p-group which is ∗-invariant. Thus G/B is
not nilpotent as otherwise G would be nilpotent.
Let A = Z (2) . Then A is ∗-invariant, A/B is central in G/B and F (G/B)− is Lie nilpotent. Let
(A/B)2 = {aB ∈ A/B | a∗B = a−1B}. Recall that A/B has no 2-elements as B is ﬁnite. If (A/B)2 is
inﬁnite, then by Lemma 2.8, G/B is nilpotent which is a contradiction. Thus (A/B)2 is ﬁnite and we
have proved (iii).
Next we are going to prove (ii). To this end we may factor by B and so, A becomes central in G .
Therefore we may assume that A = Z is the center of G , [G : A] < ∞ and G is not nilpotent.
We have to prove that g∗ = g (mod P ), for all g ∈ G . It follows by Corollary 2.12 that [G : Z ] is odd.
Moreover G/Z is not nilpotent. Thus by [4, Theorem 3.2], G/Z is a semidirect product of its (unique)
p-Sylow subgroup with an abelian p′-group, namely, G/Z =P/Z  X/Z and g¯∗ = g¯ (mod P/Z).
We remark that T , the set of torsion elements of G , is a subgroup as P is a subgroup and G ′ ⊆ P .
We shall consider two cases depending on whether A = A1 or not.
Case 1. A = A1.
Let x ∈ X . Then xq ∈ A, for some q relatively prime to p. Therefore
xq = (xq)∗ = (x∗)q
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element π . We have
x = π∗xπ = xππ∗ (mod P ),
and, so, π∗ = π−1 (mod P ).
If T is nilpotent, then Q , the set of p′-elements forms a subgroup and (G, Q ) ⊆ Q ∩ P = 1. Then Q ,
being central, is contained in A and, so, π∗ = π . We get π∗ = π−1 = π , implying that π = 1 and
x∗ = x (mod P ).
If T is not nilpotent, then by the main theorem of [4], t∗ = t (mod P ), for all t ∈ T . Then π∗ =
π (mod P ) and π∗ = π−1 (mod P ). Therefore π2 = 1 (mod P ), and, so, π = 1, as G has no 2-
elements. Again x∗ = x (mod P ).
Now, let g ∈P be any element. Then for a suitable pk we have gpk ∈ A = Z and, so, (gpk )∗ = gpk .
Therefore, (g∗g−1)pk = 1 (mod P ). Consequently g∗g−1 ∈ P and, so, g∗ = g (mod P ), and we are
done.
Case 2. A = A1.
As we have already seen above, if ∗ is trivial on A2, then it is trivial on A, as we do not have
2-elements in A. Recalling that A2 ⊆ A1 × A2, we conclude that ∗ is non-trivial on A2. Thus there
exists an element a2 ∈ A such that a∗2 = a−12 . Let us recall that for every x ∈ X , (x¯)∗ = x¯ (mod P/Z).
Consider y = xx∗ , where x¯ = 1. Then y = x2α, for some α ∈P . By choosing a suitable power of p, we
have yp
k = x2pkπ (mod Z), where π ∈ P . Raising to the p-power which is the p-part of the order of
yp
k
(mod Z), we get that yp
s
has p′-order not equal to 1 mod Z .
First suppose A2  P . Then we pick a2 ∈ A2 \ P . For a suitable m and any h ∈ G , we get
0 = [h − h∗, (ya2 − ya−12
)pm]= [h − h∗, ypm](a2 − a−12
)pm
.
Since a2 /∈ P , we get [h − h∗, ypm ] = 0. If h = h∗ we can deduce that (ypm ,h) = 1, and consequently
(y,h) = 1. So if h∗ = h then we have
0 = [ha2 − a−12 h, yp
m]= [h, ypm](a2 − a−12
)
which implies (yp
m
,h) = 1. Then (y,h) = 1 in either case, which is a contradiction. Hence A2 ⊆ P .
We factor by the ∗-closure of A2 to obtain A = A1 and reduce to Case 1 to ﬁnish the proof. 
4. Proof of suﬃciency
This was proved in [4] for torsion groups without 2-elements. As the referee of that paper pointed
out, the suﬃciency is true for all groups, even those having a 2-element. Here we give its proof.
Proposition 4.1. Let G be a group with a ∗-invariant normal p-subgroup P such that ∗ induces the identity on
G/P . Suppose further that G has a ∗-invariant central subgroup A of ﬁnite index such that A2 is ﬁnite. Then
there exists a ﬁnite normal p-subgroup N of G such that F G− ⊆ (G,N).
Proof. Let T be a transversal of A in G and set K = 〈G ′, T , T ∗〉. Then K is a ∗-invariant normal
subgroup of G . Since G is central-by-ﬁnite, G ′ is ﬁnite by a result of Schur [12, Theorem I.4.2]. Thus
K is ﬁnitely generated. Let L = K ∩ P . Working modulo G ′ , we can view L/L ∩ G ′ as a subgroup of the
ﬁnitely generated abelian group K/K ∩ G ′ , so it is ﬁnitely generated. As a subgroup of P/P ∩ G ′ , it is
a p-group. Hence the abelian group L/L ∩ G ′ is a ﬁnite p-group. It follows that L is a ﬁnite p-group.
Set M = A2 ∩ P . By assumption, M is a ﬁnite p-group, central in G . Since ∗ induces the identity
on G/P , the homomorphic image A2P/P of A2 has exponent 2. So each element of A2 is the product
of a p-element from M and an element of order 1 or 2 which lies in A1 as it is inverted by ∗.
A. Giambruno et al. / Journal of Algebra 373 (2013) 276–283 283Let a ∈ A. We can write a2 = a1a2 with ai ∈ Ai . By the last paragraph, a2 ∈ zM , for some z ∈ A1
with z2 = 1. Now a2 = zm2 with m ∈ M as M is a p-group, p odd. Set b = am−1. Then b2 = a2m−2 =
a1a2m−2 = a1z ∈ A1, so (b∗)2 = (b2)∗ = b2 and b∗ = bc with c = b−1b∗ and c2 = 1. But b∗ ∈ bP by
assumption, so c ∈ P and c = 1. We have seen that a ∈ bM and b ∈ A1. Thus A = A1M .
Set N = LM , a ﬁnite normal p-subgroup of G . We have G = AK = A1MK . Let g ∈ G , and write
g = a1mk with a1 ∈ A1, m ∈ M and k ∈ K . We have k∗ ∈ k(K ∩ P ), so k∗ = kl with l ∈ L. It follows that
g − g∗ = a1mk − klm−1a1 = a1k
(
m − lm−1) ∈ (G,N).
Thus FG− ⊆ (G,N), and we are ﬁnished. 
The suﬃciency of Theorem 1.1 follows from the following proposition.
Proposition 4.2. Suppose that the group G has a ∗-invariant normal p-subgroup P such that ∗ induces the
identity on G/P . Suppose further that there exist ∗-invariant normal subgroups A and B of G with B ⊆ A such
that B is a ﬁnite p-group, A/B is central in G/B and both G/A and {a ∈ A | aa∗ ∈ B} are ﬁnite. Then G has a
ﬁnite normal p-subgroup N such that F G− ⊆ (G,N). In particular, F G− is Lie nilpotent.
Proof. By the last proposition F (G/B)− ⊆ (G/B,N/B) and therefore FG− ⊆ (G,N), where N
is a ﬁnite normal p-subgroup. Since (G,N) is nilpotent, it follows that FG− is Lie nilpotent as
claimed. 
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